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Abstract. We consider the recently introduced mimetic gravity, which is a Weyl-symmetric
extension of the General Relativity and which can play a role of an imperfect fluid-like
Dark Matter with a small sound speed. In this paper we discuss in details how this higher-
derivative scalar-tensor theory goes beyond the construction by Horndeski, keeping only
one scalar degree of freedom on top of two standard graviton polarizations. In particular, we
consider representations of the theory in different sets of Weyl-invariant variables and connect
this framework to the singular Brans-Dicke theory. Further, we find solution of equations
of motion for the mimetic gravity in the synchronous reference frame in a general curved
spacetime. This solution is exact in the test-field approximation or in the case of a shear-free
spacetime without any other matter.
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1 Introduction and Discussion
The origin of Dark Matter (DM) is one of the main problems in modern physics. Currently
even basic macroscopic properties of DM are not properly understood, because the only
known manifestations of DM are always through gravity. This fact, together with a more
recent discovery of Dark Energy which also only reveals itself gravitationally, suggest to
look for a suitable modification of General Relativity (GR) on large scales. The simplest
modifications of GR extend it to scalar-tensor theories.
A particularly interesting scalar-tensor theory was recently introduced in [1] under the
name Mimetic Dark Matter. This theory is Weyl-invariant and can naturally describe fluid-
like DM. Indeed, it was realized that Mimetic Dark Matter is equivalent to the fluid-like
irrotational dust [2, 3] with the mimetic scalar field playing the role of the velocity potential.
Moreover, as it was demonstrated in [4] a higher-derivative extension of this theory can
describe DM with a small sound speed. The latter property can be very useful to describe
short-scale phenomenology of DM [5]. This DM corresponds to a nonstandard imperfect fluid
[6]. In the latter work [6] there was also proposed a mechanism to generate the proper DM
abundance during the radiation dominating époque.
Models similar Mimetic Dark Matter to also appear in the IR limit of the projectable
version of Hořava-Lifshitz gravity [7–9] and correspond to a scalar version of the so-called
Einstein Aether [10]. Surprisingly these models can also emerge in the non-commutative
geometry [11].
The origin of Mimetic Dark Matter is rooted in a substitution which is a singular [12]
disformal transformation [13].
In this short paper we discuss in details how this higher-derivative scalar-tensor theory
goes beyond the construction by Horndeski [14–16], keeping only one scalar degree of freedom
on top of two standard graviton polarizations. In particular, we consider representations of
the theory in different sets of Weyl-invariant variables (2.9) and connect this framework to
the singular Brans-Dicke theory (2.5). Further, in the section 3 we find solution (3.10) of
equations of motion for the mimetic gravity in the synchronous reference frame in a general
curved spacetime. This solution is exact in the test-field approximation. Moreover, this
solution is exact in the case of a shear-free spacetime which is curved by the Mimetic Dark
Matter only - without any other external matter.
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2 Different faces of Mimetic Gravity
Following [1] let us consider a scalar-tensor theory with dynamical variables hµν and ϕ whose
dynamics is given by the action1
S0 [h, ϕ] = −12
ˆ
d4x
√
−g (h, ϕ)R (g (h, ϕ)) , (2.1)
where the metric gµν (h, ϕ) is composed out of the scalar field ϕ and the metric hµν in the
following way
gµν (h, ϕ) = hαβϕ,αϕ,β · hµν , (2.2)
with ϕ,α = ∂αϕ and R (g (h, ϕ)) corresponds to the Ricci scalar calculated for gµν . Thus
gµν is obtained by a conformal transformation of hµν with a conformal factor hαβϕ,αϕ,β. By
construction the scalar field satisfies the constraint
gµν∂µϕ∂νϕ = 1 , (2.3)
which is nothing else as the relativistic Hamilton-Jacobi equation for the particle of the unit
mass moving in the spacetime with the metric gµν .
The metric gµν is manifestly invariant with respect to the Weyl transformations of the
metric hµν
hµν → Ω2 (x)hµν . (2.4)
Hence the resulting induced scalar-tensor theory (2.1) obtained by the substitution (2.2) is
manifestly Weyl-invariant. Making the conformal transformation (2.2) we obtain the explicit
form of the action (2.1)
S0 [h, ϕ] = −
ˆ
d4x
√−h
(
X R (h) + 32 ·
hαβX,αX,β
X
)
, (2.5)
where as usual we use the following notation for the standard kinetic term
X = 12h
αβϕ,αϕ,β , (2.6)
and where we omitted a total derivative. Written as functional on X this action above (2.5)
describes the singular Brans-Dicke theory with the parameter ω = −3/2 2. Thus one can
obtain mimetic gravity or irrotational fluid-like DM by substituting the kinetic term instead
of the scalar field into the singular / conformal Brans-Dicke theory. Thus there are two
different types of substitutions one can make in order get the same mimetic gravity. Either
one substitutes (2.2) into the Einstein-Hilbert action (2.1) or one substitutes (2.6) into the
singular Brans-Dicke theory (2.5). In the presence of external matter fields a cautionary
remark is necessary: the substitution of the metric gµν (h, ϕ) should be performed in the
matter part of the action as well. Therefore, in the singular Brans-Dicke theory the matter
should be coupled not to hµν but to 2X · hµν before the substitution of the kinetic term for
ϕ instead of the scalar field X.
1Throughout the paper we use use the signature convention (+,−,−,−) and the reduced Planck units
where 8piGN = 1.
2We are thankful to Gilles Esposito-Farese for pointing out this correspondence.
– 2 –
The action (2.5) contains the square of the second derivative ϕ;α;β and goes beyond the
usual scalar-tensor theories of the Horndeski type [14–16]. This scalar-tensor theory goes be-
yond the construction introduced by Horndeski, but still has only two graviton polarizations
plus a scalar degree of freedom. There is no contradiction there, as the equations of motion
are of the third order for hµν and forth order for ϕ. However, the theory under consideration
is a gauge theory with the Weyl symmetry, so that physical Weyl-invariant degrees of free-
dom satisfy second order equations of motion. Clearly this way to go beyond the Horndeski
scalar-tensor theories is different from the procedure recently introduced in [17, 18].
It is convenient to get rid of these second derivatives in the action by promoting X to
be a dynamical variable and use a Lagrange multiplier λ in an equivalent action
S0 [h, ϕ,X, λ] = −
ˆ
d4x
√−h
[
X R (h) + 32 ·
hαβX,αXβ
X
+ λ
(
X − 12h
αβϕ,αϕ,β
)]
. (2.7)
This action is conformally invariant with the corresponding transformations
hµν → Ω2 (x)hµν , (2.8)
ϕ→ ϕ ,
X → Ω−2 (x)X ,
λ→ Ω−2 (x)λ ,
so that λ and X have conformal weight two.
Now one can make a substitution
hµν = (2X)−1 gµν , (2.9)
ϕ = ϕ ,
X = X ,
λ = 2X ρ ,
in the last action (2.7) in order to rewrite it in terms of gauge-invariant (Weyl-invariant)
variables: ϕ, gµν = 2X · hµν and ρ = λ/ (2X). In this way we obtain
S0 [g, ϕ, ρ] =
ˆ
d4x
√−g
[
−12R (g) +
ρ
2
(
gαβϕ,αϕ,β − 1
)]
. (2.10)
This substitution corresponds to a gauge fixing with X = 1/2 so that in the original X the
required conformal transformation is
Ω2X = 2X . (2.11)
As a result of the substitution (2.9) the matter is minimally coupled to the metric gµν .
A similar discussion on the equivalence of mimetic gravity (2.1) with (2.10) was pre-
sented before in [3], see also [2]. The obtained action (2.10) describes irrotational fluid-like
dust with the energy density given by the Lagrange multiplier ρ and velocity potential ϕ
3. Here we assume the standard minimal coupling of matter to general relativity (GR), in
particular, matter is not directly coupled4 to the mimetic field ϕ.
3For the Lagrangian description of dust with vorticity see, [19, 20].
4This condition can be violated, if one applies the mimetic ansatz (2.2) in f (R) theories [21].
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Interestingly there is an alternative set of gauge-invariant (Weyl-invariant) variables: ϕ,
gˆµν = λ · hµν and χ = X/λ. We can obtain an equivalent theory by making the following
ansatz
hµν = λ−1gˆµν , (2.12)
ϕ = ϕ ,
X = λχ ,
λ = λ ,
into the action (2.7). The resulting theory is given by
S0 [gˆ, ϕ, χ] =
ˆ
d4x
√−gˆ [12 gˆαβϕ,αϕ,β −
(
χR (gˆ) + 32 ·
gˆαβχ,αχβ
χ
+ χ
)]
, (2.13)
which corresponds to the a gauge fixing with λ = 1 so that in terms of the original λ the
required conformal transformation is
Ω2λ = λ . (2.14)
Here, contrary to the previous case, the matter except of ϕ is still coupled not to gˆµν but
to 2χgˆµν . The action S0 [gˆ, ϕ, χ] seems to be a novel description of the irrotational fluid-like
dust.
Further in this paper we will concentrate on the imperfect DM from [4–6].
The action in the convenient invariant variables is
Sγ [g, ρ, ϕ] =
ˆ
d4x
√−g
(
−12R (g) +
ρ
2 (g
µν∂µϕ∂νϕ− 1) + 12γ (gϕ)
2
)
, (2.15)
where ρ is a Lagrange multiplier field, ϕ is the mimetic field, γ is a free parameter5 and g =
gµν∇µ∇ν with ∇µ ( ) = ( );µ being the covariant derivative. This system was introduced
in [4] and it generalizes [1, 22], see also [23]. It is interesting to formulate this theory as
hinger-derivative scalar-tensor theory with Weyl symmetry. This is can be accomplished via
the mimetic ansatz (2.2) into
Sγ [g, ϕ] =
ˆ
d4x
√−g
(
−12R (g) +
1
2γ (gϕ)
2
)
, (2.16)
with the resulting action
S0 [h, ϕ] = −
ˆ
d4x
√−h
X R (h) + 32 · h
αβX,αX,β
X
− 12γ
(
hϕ+
hαβϕ,αXβ
X
)2 , (2.17)
where as before we denoted X = 12hαβϕ,αϕ,β. This is another example of a higher-derivative
scalar-tensor theory beyond Horndeski, but with just two graviton polarizations and one
scalar degree of freedom [4].
An equivalent action [6] to describe the dynamics of the system without explicit higher
derivatives is
Sγ [g, ρ, ϕ, θ] =
ˆ
d4x
√−g
[
−12R (g) +
ρ
2 (ϕ
,µϕ,µ − 1)− γ
(
ϕ,µθ
,µ + 12θ
2
)]
, (2.18)
5Contrary to [6], in this work we will only consider γ = const neglecting the short transition period in the
early universe where γ (ϕ).
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where θ is an auxiliary field. The equation of motion for this auxiliary field gives
θ = gϕ =
1√−g∂µ
(√−g gµν∂νϕ) . (2.19)
The theory is shift-invariant: symmetric with respect to ϕ→ ϕ+ c, thus there is a conserved
Noether current which is given by
Jµ = ρϕ,µ − γθ,µ . (2.20)
So that the equation of motion for ϕ is corresponds to the conservation of the Noether current
∇µJµ = 0 . (2.21)
This equation can be written in the form
gµν∂µϕ∂νρ+ θρ = γgθ . (2.22)
The energy-momentum tensor (EMT) is
Tµν =
2√−g
δSγm
δgµν
= ρϕ,µϕ,ν + γ
[
gµν
(
ϕ,αθ
,α + 12θ
2
)
− ϕ,µθ,ν − ϕ,νθ,µ
]
, (2.23)
where we subtract from the action the Einstein-Hilbert part: Sγm = Sγ − SEH, and we have
assumed that the constraint (2.3) is satisfied together with the equations of motion.
3 Solution in Synchronous Frame
Because of the constraint (2.3) the four velocity uµ = ∂µϕ is tangential to the time-like
geodesics [22]
aµ = uλ∇λuµ = ∇λϕ∇λ∇µϕ = 12∇
µ
(
∇λϕ∇λϕ
)
= 0 . (3.1)
Therefore we will call the ∂µϕ frame – the natural or the geodesic frame. It is convenient
to consider local rest frame (LRF) given by a natural choice uµ = ∂µϕ and go the following
synchronous frame
ϕ = τ , (3.2)
ds2 = dτ2 − `ik (τ,x) dxidxk .
In this frame for every scalar quantity O
O˙ = uµ∂µO = ∂τO . (3.3)
The auxiliary field θ plays the role of expansion θ = ∇µuµ and can be written as
θ = ∂τ ln
√
` . (3.4)
The equation of motion (2.22) takes the form of the ordinary differential equation
∂τρ+ ∂τ ln
√
` ρ = γ 1√
`
∂µ
(√
` gµν∂ν∂τ ln
√
`
)
. (3.5)
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For γ = 0 this equation can be integrated as
ρ0 (τ,x) =
Q (x)√
`
, (3.6)
where Q (x) is a free function. For nonvanishing γ one can use the method of variation of
the constant and substitute
ρ (τ,x) = Q (τ,x)√
`
, (3.7)
to obtain
∂τQ = γ ∂µ
(√
` gµν∂ν∂τ ln
√
`
)
, (3.8)
so that
Q (τ,x) = %0 (x) + γ
√
` ∂τ∂τ ln
√
`− γ∂i
ˆ τ
0
dτ ′
√
``ik∂k∂τ ln
√
` , (3.9)
where %0 (x) is a free function. The corresponding solution is
ρ (τ,x) = %0 (x)√
`
+ γ
(
∂τ∂τ ln
√
`− 1√
`
∂i
ˆ τ
0
dτ ′
√
``ik∂k∂τ ′ ln
√
`
)
. (3.10)
Only the first term in this formula corresponds to the standard DM. In the test-field approx-
imation ` does not depend on ρ through the Einstein equations and this formula above is
sufficient to find the evolution of ρ.
Now let us see what happens, if we do take into account how mimetic matter curves
the spacetime.
First we need to recall some details from the hydrodynamical picture from [6]. The
shift-symmetry Noether current can be decomposed using the local rest frame (LRF) given
by a natural choice uµ = ∂µϕ as
Jµ = nuµ − γ⊥λµ∇λθ , (3.11)
where the shift-charge density is
n = Jµuµ = ρ− γ∂τθ , (3.12)
and as usual we use the following notation for the projector to the hypersurface orthogonal
to uµ:
⊥µν = gµν − uµuν . (3.13)
Hence for the charge density we obtain
n (τ,x) = %0 (x)√
`
− γ√
`
∂i
ˆ τ
0
dτ ′
√
``ik∂kθ . (3.14)
Decomposition of the EMT (2.23) reads
Tµν = εuµuν − p ⊥µν +qµuν + qνuµ , (3.15)
where the energy density in the LRF given by
ε = Tµνuµuν = ρ− γ
(
θ˙ − 12θ
2
)
, (3.16)
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while the pressure is
p = −13T
µν ⊥µν= −γ
(
θ˙ + 12θ
2
)
, (3.17)
and the energy flux
qµ = ⊥µλT λσ uσ = −γ⊥λµ∇λθ = −γδiµ∂iθ , (3.18)
so that
T 0i = −γ∂iθ . (3.19)
Further we will need the Raychaudhuri equation for the timelike geodesics
θ˙ = −13θ
2 − σµνσµν −Rµνuµuν , (3.20)
where σµν is the shear tensor
σµν =
1
2
(
⊥λµ∇λuν +⊥λν∇λuµ
)
− 13⊥µνθ , (3.21)
σ2 = σµνσµν . Now we are equipped to look at the Einstein equations in the synchronous
frame, see [24]. Here we will only need R0i−equation
R0i =
1
2
(
κki;k − κkk;i
)
= 8piGN
(
T 0i + T 0i
)
, (3.22)
where T 0i is the energy momentum for all other matter fields and
κik =
∂`ik
∂τ
. (3.23)
After simple algebra one obtains
κik = 2
(
−σik + 13`ikθ
)
, (3.24)
so that using (3.19) we can rewrite the 0i Einstein equation as
θ,i = − 12piGN1− 12piGNγ T
0
i −
3
2
σki;k
1− 12piGNγ . (3.25)
Thus if there is no shear and no external matter the integral in (3.10) and in (3.14) vanishes
and the behavior of the mimetic imperfect DM is only different from a fluid-like dust by the
derivative of the expansion scalar θ. It is interesting to note that this 0i Einstein equation
above suggests that there is an effective Newton constant
Geff =
GN
1− 12piGNγ , (3.26)
which was found in the cosmological context in [6].
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